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d
dt
X = Sv
01 ./ " X = {X1, X2, X3, X4}  R = {R1, R2, R3} 
R1 : 2X1 + X2 ⇀ X3 + X2
R2 : X3 ⇀ X4
R3 : X4 ⇀ X3
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R1 R2 R3
X1 −2 0 0
X2 0 0 0
X3 1 −1 1
X4 0 1 −1
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S =
⎡
⎢⎢⎢⎢⎢⎢⎣
−2 0 0
0 0 0
1 −1 1
0 1 −1
⎤
⎥⎥⎥⎥⎥⎥⎦
.
$%
d
dt
⎡
⎢⎢⎢⎢⎢⎢⎣
X1
X2
X3
X4
⎤
⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎣
−2 0 0
0 0 0
1 −1 1
0 1 −1
⎤
⎥⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
α1X
2
1X2
α2X3
α3X4
⎤
⎥⎥⎥⎦ .
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x˙1 = f(y) + h2(x2)− g1(x1)− d1(x1)
x˙2 = g1(x1) + h3(x3)− g2(x2)− h2(x2)− d2(x2)
/
/
/
/
/
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x˙n−1 = gn−2(xn−2) + hn(xn)− gn−1(xn−1)− hn−1(xn−1)− dn(xn−1)
x˙n = gn−1(xn−1) + hy(y)− gn(xn)− hn(xn)− dn(xn)
y˙ = (a + b) gn(xn)− af(y)− 2hy(y)− gy(y),
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Chapters 2 and 3
Chapter 4
Chapter 5
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⎡
⎣ −(kx + δ) 1bry(q − hˆ)
(b + a)(kx + δ) −a1bry(q − hˆ)− ky
⎤
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⎛
⎝
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⎣ −kx 1bry(q − hˆ)
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⎣ −1
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β0 := inf
{
y0 | gy(y)− V yq1+γyh > δ1, ∀y > y0
}
α0 :=  + inf
{
x|gx(x) > sup0<y≤β0 V y
q
1+γyh
}
δ2 := gx(α0)− sup0<y≤β0 V y
q
1+γyh
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U : R+ × R+ → R
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U(x, y) =
⎧⎪⎨
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2x + y − β0 y > β0
2x y ≤ β0
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= β0,
d
dt
U(x, y) =
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2x˙ + y˙ y > β0
2x˙ y < β0
=
⎧⎪⎨
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V yq
1+γyh
− gy(y) y > β0
2
(
V yq
1+γyh
− gx(x)
)
y < β0
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y > β0 ⇒ V y
q
1 + γyh
− gy(y) ≤ −δ1 < 0
	
y < β0, U(x, y) ≥ 2α0 ⇒ x ≥ α0
y < β0, x ≥ α0 ⇒ V yq1+γyh − gx(x) ≤ −δ2 < 0.
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d
dt
U(x, y) ≤ −δ < 0
 (x, y) ∈ {(x, y) | U(x, y) ≥ 2α0, y 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Dη :=
{
(x, y) ∈ R2|x ≥ 0, y ≥ 0, U(x, y) ≤ η} ,
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 y = β0
y˙ = 2gx(x)− f(β0)− gy(β0) = 2gx(x)− c1
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 !A/ %  h = 4 γ = 5 q = 2 V = 6 gy(y) =
1.2y
0.2+y
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x˙ =
6y2
1 + 5y4
− kx
y˙ = 2kx− 6y
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− 1.2y
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x˙ = Fx(x, y)
y˙ = Fy(x, y)
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 (x, y) ∈ D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Fx(x, y) := ky
(1+γ)(y+1)q
1+γ(y+1)h
− kx
(
x + ky
kx
)
Fy(x, y) := 2kx
(
x + ky
kx
)
− ky (1+γ)(y+1)
q
1+γ(y+1)h
− ky (y + 1)
D :=
{
(x, y) ∈ R2|(x, y) ≥ (−ky
kx
,−1)
}
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H(y) := 1 + γ (y + 1)h
Gx(x, y) := Fx(x, y)H(y)
Gy(x, y) := Fy(x, y)H(y)
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LFU(x, y) = ∂U
∂x
Fx(x, y) +
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∂y
Fy(x, y)
=
1
H(y)
(
∂U
∂x
Gx(x, y) +
∂U
∂y
Gy(x, y)
)
=
1
H(y)
LGU(x, y)
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x˙ = 3(y+1)
2
1+2(y+1)4
− 1− x
y˙ = 2x− 3(y+1)2
1+2(y+1)4
− y + 1
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 (x, y) ∈ D = {(x, y) ∈ R2 | (x, y) ≥ (−1,−1)} 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N0 = Ωx2+y2,α =
{
(x, y) ∈ R2|x2 + y2 ≤ α}
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˙˜x = f˜(y˜)− g˜x(x˜)
˙˜y = 2g˜x(x˜)− f˜(y˜)− g˜y(y˜)
 (x˜, y˜)  − (x0, y0)/      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 g˜x 	 g˜y 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U(x, y) := Ux(x) + Uy(y)
Ux(x) := 2
∫ x
0
gx(ξ)dξ
Uy(y) :=
∫ y
0
gy(ξ)dξ
U(x, y)  ) 	 	 gx(x) gy(y)  		 		 	 U(0, 0) = 0
	 
d
dt
U(x, y) = 2gx(x)x˙ + gy(y)y˙
= 2gx(x) (f(y)− gx(x)) + gy(y) (2gx(x)− f(y)− gy(y))
= 2gx(x) (gy(y) + f(y))− 2g2x(x)− gy(y) (f(y) + gy(y))
= −2
(
gy(y)+f(y)
2
− gx(x)
)2
+ 1
2
(gy(y) + f(y))
2 − gy(y) (f(y) + gy(y))
= −2
(
gy(y)+f(y)
2
− gx(x)
)2
− 1
2
(
g2y(y)− f 2(y)
)
.
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Dy :=
{
y | g2y(y)− f 2(y) > 0
}
	
d
dt
U(x, y) < 0  (x, y) ∈ R×Dy\ {(0, 0)} .
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0
gx(ξ)dξ +∫ y
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g2y(y)− f 2(y) > 0 ⇒
⎧⎪⎨
⎪⎩
−gy(y) < f(y) < gy(y)  y > 0
gy(y) < f(y) < −gy(y)  y < 0.
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yM = sup
y
{
y | g2y(ξ)− f 2(ξ) > 0, ∀ξ // 0 ≤ |ξ| ≤ y
}
	
Ny = {y | |y| < yM} ⊂ Dy.
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σ = − ∂
∂y
f(y)|y=0 < ∂
∂y
gy(y)|y=0 !A/  %
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U(x, y)
maxβ
st
2
(
gy(y)+f(y)
2
− gx(x)
)2
+ 1
2
(
g2y(y)− f 2(y)
)
> 0
  		( (x, y) ∈ {(x, y) |2 ∫ x
0
gx(ξ)dξ +
∫ y
0
gy(ξ)dξ ≤ β
}
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 U˙(x, y) < 0
  		( (x, y) ∈ ΩU,β /
01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 h = 3 q = 1 γ = 2
1 h = 4 q = 2 γ = 2
 )! 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   (1, 1) 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 x → x + 1 y → y + 1   !A/C%  gx(x) = x
gy(y) = y  f(y) =
3(y+1)
1+2(y+1)3
−1 
 	   f(y) = 3(y+1)2
1+2(y+1)4
−1 
 	
1  
  	  " 	  U(x, y) = x2 + 1
2
y2 
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  )
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	  
  f(y)  
 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  −y 
y 
 y > −1  
 / 9.9     
 β = 1
2

Rβ =
{
(x, y) |x2 + 1
2
y2 ≤ 1
2
}
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d
dt
U(x − 1, y − 1) ≥ 0 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  f(y) = 3(y+1)
2
1+2(y+1)4
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 −y 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 y > −0.6575  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
Rβ =
{
(x, y) |x2 + 1
2
y2 ≤ 0.2161
}
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 2 ≤ i ≤ n
y = 0 ⇒ y˙ = (a + b) gn(xn) > 0.
	   a = b = 1 !   	(  	 a, b > 0%/ 8
0 ≤ y¯1 < · · · < y¯l   	  f(y) = gy(y) 	  ) 	/ 7 *
  ∀i
sup
xi>0
gi(xi) > sup
0<y<y¯l
V yq
1 + γyh
.
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   l , 	 	  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 )	 
(
g−11 (f(y¯j)) , . . . , g
−1
n (f(y¯j)) , y¯j
)
,  1 ≤ j ≤ l.
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 	  A    	   A 	 		 l = 1
l = 2  l = 3/
 l = 1 	
gy(y) >
V yq
1 + γyh
, ∀y > 0
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U(x1, . . . , xn, y) = 2
n∑
i=1
xi + y.
U  ) 	 	 U(0) = 0 	 U(x1, . . . , xn, y) > 0  x1, . . . , xn, y ≥ 0
(x1, . . . , xn, y) = 0/ U   		 	
U˙(x1, . . . , xn, y) =
V yq
1 + γyh
− gy(y) < 0
 y > 0/ 	)	  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V yq
1+γyh
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 * l > 1/ 8 (x¯1, . . . , x¯n, y¯) 
0   , 	  	 	 ki =
∂gi
∂xi
|x¯ > 0 ky = ∂gy∂y |y¯ > 0 ry = gy(y¯) > 0
σ = −∂f
∂y
|y=y¯/ 3   
 
  
   	
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y¯ = 1/     V = ry (1 + γ) σ = ry(hˆ − q) * hˆ = γ1+γh 	 
	(	 	  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 
⎡
⎣ x˙
y˙
⎤
⎦ = J
⎡
⎣ x
y
⎤
⎦ , !@/%
C
 x ∈ Rn y ∈ R *
J :=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k1 0 · · · 0 0 ry(q − hˆ)
k1 −k2 0 0 0
/
/
/
/
/
/
/
/
/
/
/
/
0 0 −kn−1 0 0
0 0 kn−1 −kn 0
0 0 · · · 0 2kn −ky − ry(q − hˆ)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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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2ry(hˆ−q)
ky−ry(hˆ−q) <
(
sec π
n+1
)n+1
!@/A%
	 !@/%  / 8
θ(n) :=
(
sec
π
n + 1
)n+1
,
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hˆd(n) = q +
ky
ry
θ(n)
2 + θ(n)
	  + 	 hˆ 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 hˆd(n)
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  $./  " hˆr := q+
1
3
ky
ry
 hˆs := q− kyry  , hˆs < hˆ ≤ hˆr  !@/%
  
 


  n  


   
  
	 
 ki 
C 
    
    
   hˆ /∈
(
hˆs, hˆr
]
 
 ! 
  
  8
Q :=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k1 0 · · · 0 0 2ry(q − hˆ)
k1 −k2 0 0 0
/
/
/
/
/
/
/
/
/
/
/
/
0 0 −kn−1 0 0
0 0 kn−1 −kn 0
0 0 · · · 0 kn −ky − ry(q − hˆ)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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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% 
J =
⎡
⎣ In 0
0 2
⎤
⎦Q
⎡
⎣ In 0
0 2
⎤
⎦
−1
,
* In   n × n 	 ,/ 		 J    	) 
Q/ 4	
det J = (−1)n+1
n∏
i=1
ki
(
ky − 3ry(q − hˆ)
)
	  J  	 ( 	)  hˆ = q− ky
ry
    Q 	  
*	 	 	 		 F CG/   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* 
  2 hˆ < q
  		   
ky + ry(q − hˆ) > 2ry(q − hˆ) ⇔ hˆ > q − ky
ry
= hˆs.
 2 hˆ > q
  		   
ky + ry(q − hˆ) ≥ −2ry(q − hˆ) ⇔ hˆ ≤ q + 1
3
ky
ry
= hˆr.
C
!%  hˆ ≤ hˆs 	  	  	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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  hˆ > hˆr   > 0 hˆ = hˆr +  	   i
ki = ky + ry
(
q − hˆ
)
=
2
3
ky − ry = k > 0.
   	  !@/% 
pJ(s) =
(
s + ky + ry
(
q − hˆ
))∏n
i=1 (s + ki)− 2ry
(
q − hˆ
)∏n
i=1 ki
= (s + k)n+1 − kn
(
2ry
(
−1
3
ky
ry
− 
))
= (s + k)n+1 − kn (−2
3
ky − 2ry
)
= (s + k)n+1 + kn (k + 3ry)
3	) λi      	 pJ(s)  λ = k (ω − 1)  
ωn+1 =
(−1− 3 ry
k
)1/(n+1)
= (−1− 1)1/(n+1)
* 1 := 3
ry
k
/       	) λi 0 ≤ i ≤ n 
(λi) = k
(
−1 + (1 + 1)1/(n+1) cos
(
π
n + 1
+
2πi
n + 1
))
8
γ(n) = (1 + 1)
1/n cos π
n
= 1 + 1
n
log(1 + 1) + O(
1
n2
).
   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γ(n) > 1 ⇒ (λ0) > 0. 
( $./ 
 
 	 
  	   a > 0, b > 0  !@/ %
hˆr = q +
b
2a+b
ky
ry
 hˆs = q − kyry  
"   )	
• hˆr = limn→∞ hˆd(n)
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x˙ = Ax+ Bu
z = Cx
u = −hˆCx
*
A =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k1 0 · · · 0 ryq
k1 −k2 0 0
/
/
/ · · · ///
0 0 −kn 0
0 0 · · · 2kn −ky − ryq
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
B = ry
[
1 0 · · · 0 −1
]T
C =
[
0 0 · · · 0 1
]
.
 	
P (s) = C (sI − A)−1 B
= ry
∏n
i=1(ki+s)−2
∏n
i=1 ki
(ky+qry+s)
∏n
i=1(ki+s)−2qry
∏n
i=1 ki
.
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n1(s) =
∏n
i=1 (ki + s)− 2
∏n
i=1 ki
= sn + (k1 + · · ·+ kn) sn−1 + · · ·+ (−
∏n
i=1 ki)
 P (s) 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 ki = k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V yq
1+γyh
 	   y > 0 !// h ≥ q% 	    > 0 
supy>0 gy(y) > supy>0
V yq
1+γyh
+ 
supxi>0 gi(xi) > supy>0
V yq
1+γyh
+ ,   i = 1, . . . , n
	
δy := supy>0
V yq
1+γyh
<∞
β0 := inf
{
y0 | gy(y)− V yq1+γyh > , ∀y > y0
}
α1 := inf {x1|g1(x1) > δy + }
αi := inf {xi|gi(xi) > gi−1(αi−1) + } ,   i > 1.
8
Uy (x1, . . . , xn, y) := y +
∑n
i=1 2xi
η0 := β0 +
∑n
i=1 2αi
ΩUy ,η0 := {(x1, . . . , xn, y) ∈ Rn+1 | Uy (x1, . . . , xn, y) ≤ η0} .
C#
	
D1 := {(x1, . . . , xn, y) ∈ Rn+1 | 0 ≤ x1 ≤ α1}
Di := {(x1, . . . , xn, y) ∈ Rn+1 | 0 ≤ xi ≤ αi}
⋂
Di−1, i > 1
Dα,β0 := ΩUy ,η0
⋂
Dn.
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1(Rn+1) 	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 x1 > α1
d
dt
U1 (x1, . . . , xn, y) =
V yq
1 + γyh
− g1(x1) < −.
4   D1  	)	 *    H* !@/ % 	   J 
!@/ %  D1/ 9	 		  xk > αk 	 (x1, . . . , xn, y) ∈ Dk−1
d
dt
Uk (x1, . . . , xn, y) = gk−1(xk−1)− gk(xk) ≤ gk−1(αk−1)− gk(xk) < −.
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Uy (x1, . . . , xn, y) = y +
∑n
i=1 2xi
η0 = β0 +
∑n
i=1 2αi.
 (x1, . . . , xn, y) ∈ ΩcUy ,η0
⋂
Dn * 
y > β0 +
n∑
i=1
2αi −
n∑
i=1
2xi ≥ β0
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d
dt
Uy (x1, . . . , xn, y) = y˙ +
∑n
i=1 2x˙i
= V y
q
1+γyh
− gy(y) ≤ − < 0
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˙˜x1 = f˜(y˜)− g˜1(x˜1)
˙˜x2 = g˜1(x˜1)− g˜2(x˜2)
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/
˙˜y = 2g˜n(x˜n)− f˜(y˜)− g˜y(y˜)
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x˙1 = f(y)− g1(x1)
x˙2 = g1(x1)− g2(x2)
/
/
/
x˙n = gn−1(xn−1)− gn(xn)
y˙ = 2gn(xn)− f(y)− gy(y)
!@/B%
 (x1, . . . , xn, y)  − (x¯1, . . . , x¯n, y¯) * f(y) = ry(1+γ)(y+1)
q
1+γ(y+1)h
− ry/
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x˙1 = z − g1(x1)
x˙2 = g1(x1)− g2(x2)
/
/
/
/
/
/
/
/
/
x˙n = gn−1(xn−1)− gn(xn)
w = gn(xn)
!@/>%
	
y˙ = 2w − f(y)− gy(y)
z = f(y)
!@/C%
* f(y) = ry(1+γ)(y+1)
q
1+γ(y+1)h
− ry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 	 U : Rm → R  
)   
 N   
  U(0) = 0  
  
 x ∈ N 
U(x) > 0 
8 LS LS1 	 LS2 	  8 ))    !@/B% !@/>% 	 !@/C%
)/ 7   ) 	 		 U1 : R
n → R  
LS1U1(x) ≤ z2 + 2δwz − κw2, ∀ (x, z) !@/#%
	 U2 : R→ R  U2(y) ) 	 	  	 N0   	 

LS2U2(y) ≤ κw2 − 2δwz − z2, ∀w 	 y ∈ N0. !@/$%
8 U(x, y) := U1(x) + U2(y) 	 β   
ΩU,β =
{
(x, y) ∈ Rn+1 | U(x, y) ≤ β} ⊂ Rn ×N0. !@/ %
  $./  ΩU,β   
  
  *  !@/B% 
 ,    % !@/#% !@/$%  
	    %  )  
(0, 0)  ΩU,β      
  
	   
  !@/B% 
  !% U   8	) 		  !@/B% 	   		( (x, y) ∈ ΩU,β ⊂
R
n ×N0 U(x, y) > 0 	
LSU(x, y) = LS1U1(x) + LS2U2(y) ≤ 0.
0	 ΩU,β  	)	 	  H*  !@/B%/
!% 7 ,	  *  / 4	  !%   ΩU,β 
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	)	 	  H*  !@/B%    		 *    
  ΩU,β /
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LS1U1(x) < z2 + 2δwz − κw2, ∀(x, z) = (0, 0),
	
Γ1 := {(x, y) | LSU(x, y) = 0} ⊂ Γ2 := {(x, y) | x = 0} .
4	 ∀(x, y) ∈ Γ2
x˙1 = f(y) = 0, ∀y = 0,
 	 	)	   Γ1 *    H*  !@/B%   	 	
84I  *   J 	 ΩU,β    	/   ΩU,β
 	 	)	    	  	   	  !@/B%/
 2  !@/$%   //
LS2U2(y) < −z2 − 2δwz + κw2,   		( (y, w) ∈ N0 × R,
	
Γ1 := {(x, y) | LSU(x, y) = 0} ⊂ Γ3 := {(x, y) | y = 0} .
8 Γinv ⊂ Γ3   	)	  	  H*  !@/B%/ ' ∀(x, y) ∈ Γinv
y˙ = 2gn(xn) = 0, ∀xn = 0,
 xn = 0/ 4 ∀(x, y) ∈ Γinv
x˙n = gn−1(xn−1) = 0, ∀xn−1 = 0,
 xn−1 = 0/ 	) *   ∀(x, y) ∈ Γinv xi = 0  ∀i 	 		 
	 	)	   Γ3 *    H*  !@/B%  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 hˆ = γ
γ+1
h σ = −∂f
∂y
|y=0 = ry(hˆ − q) ky = ∂gy∂y |y=0 	 * 	
hˆr = q +
1
3
ky
ry
 hˆs = q − kyry  θ(n) =
(
sec π
n+1
)n+1
	 hˆd(n) = q +
ky
ry
θ(n)
2+θ(n)
/ 9	
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   	
 + 	 hˆ * 	 	 	  ) 	 	 U(x, y) 	
β   ΩU,β  !@/ % // ΩU,β  	 	)	    	 
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•  hˆs < hˆ < hˆr
U(x, y) := 2
n∑
i=1
∫ xi
0
gi(ξ)dξ +
1
2
∫ y
0
(f(ξ) + gy(ξ))dξ !@/  %
•  q < hˆ < hˆd(n)
U(x, y) :=
n∑
i=1
di
∫ xi
0
gi(ξ)dξ − δ
∫ y
0
f(ξ)dξ
  		 di > 0/
	 !@/#% 	 !@/$%  δ = 0 	 κ = 1 // *   ) 	 		
U1 : R
n → R  
LS1U1(x) ≤ z2 − w2, ∀ (x, z) !@/ %
	 U2 : R→ R  U2(y) ) 	 	  	 N0   	 

LS2U2(y) < w2 − z2, ∀w 	 ∀y ∈ N0\{0}. !@/ A%
#>
5 $./  -,-;     u   y   L2   
κ  
  u
‖y‖2 ≤ κ ‖u‖2 .
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 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	
 + 				   		    -	 
F@G/ D, * *   hˆs < hˆ < hˆr 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U1 : R
n → R  ) % !@/ % ∀ (x, z) 
  8
U1(x) :=
n∑
i=1
2
∫ xi
0
gi(ξ)dξ, !@/ @%
	 U1(0) = 0 U1(x) > 0, ∀x = 0 	 ∀i, gi(xi)  		 	 gi(0) = 0 	 
 (x, z)
LS1U1(x) =
∑n
i=1 2gi(xi)x˙i
= 2g1(x1) (z − g1(x1)) +
∑n
i=2 2gi(xi) (gi−1(xi−1)− gi(xi))
= 2zg1(x1)− g21(x1)− g2n(xn)
+
∑n
i=2
(−g2i−1(xi−1) + 2gi(xi)gi−1(xi−1)− g2i (xi))
= − (z − g1(x1))2 −
∑n
i=2 (gi−1(xi−1)− gi(xi))2 + z2 − w2
≤ z2 − w2. 
 $./ , hˆs < hˆ < hˆr  
 !    
 N0  

   	 U2 : R → R  )  N0  )  %
 !@/ A% ∀w  ∀y ∈ N0\{0} 
#C
  8
Dy :=
{
y > 0 | − 1
3
gy(y) < f(y) < gy(y)
}
∪
{
y < 0 | gy(y) < f(y) < −1
3
gy(y)
}
.
D  Dy     	 y  *    f  *	   
gy 	 −13gy ! @/C"%/ 4	 ∂f∂y |y=0 = ry(q − hˆ) 	 ∂gy∂y |y=0 = ky > 0
hˆ < hˆr = q +
1
3
ky
ry
⇒ −∂f
∂y
|y=0 < 13 ∂gy∂y |y=0
hˆ > hs = q − kyry ⇒ ∂f∂y |y=0 <
∂gy
∂y
|y=0.
4    		 	   	
N0 ⊂ Dy ∪ {0}. !@/ B%

U2(y) :=
1
2
∫ y
0
(f(ξ) + gy(ξ)) dξ !@/ >%
 ) 	 	 N0 	
LS2U2(y)− w2 + z2 = ∂U2∂y y˙ − w2 + f 2(y)
= ∂U2
∂y
(2w − f(y)− gy(y))− w2 + f 2(y)
= −
(
∂U2
∂y
− w
)2
+
(
∂U2
∂y
)2
− ∂U2
∂y
(f(y) + gy(y)) + f
2(y)
= −
(
∂U2
∂y
− w
)2
− 1
4
(f(y) + gy(y))
2 + f 2(y).
' −1
4
(f(y) + gy(y))
2 + f 2(y) < 0  ∀y ∈ Dy 	 		
LS2U2(y) < w2 − z2, ∀w, ∀y ∈ N0\{0} ⊂ Dy . 
( $./ , hˆ > hˆr   %  !@/ A% 	  )  
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
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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 @/C2 !"% N0   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 y *    f  *	 gy 	
−1
3
gy/ 	   N0 = {y | y > −1}/ !'%   y − xi    	)	  
	  	 ΩU,β !xj = 0, j = i%/
D   U1 	 U2  	 	 !@/ @% 	 !@/ >%  U(x, y)  )	  !@/  %
	 U(x, y) = U1(x) + U2(y)/ 8 N0  	  )  !@/ B%/
  $.$/ , hˆs < hˆ < hˆr 
  β 	  ΩU,β ⊂ Rn × N0 ΩU,β  

    
  
	   
 
   !@/B% 
  "  		  
	 @/A 8 @/ 	 8 @/A/
01 $./ " gi(xi) = kixi, gy(y) = y, γ =
3
2
, q = 1,  h = 2  hˆ = 6
5

hˆr =
4
3

U =
n∑
i=1
kix
2
i +
5
12
log
(
5 + 6y + 3y2
)
+
1
4
y2 − 1
2
y − 5
12
log 5,
N0 = {y | y > −1} 
 < 8   !     β  U  )
!@/ %  β = 0.3682 
 < 81   y−xi 	   
   

 
	 ΩU,β 
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 κ = 0 // *    ) 	 		 U1 :
R
n → R  
LS1U1(x) ≤ z2 + 2δwz, ∀ (x, z) !@/ C%
	 U2 : R→ R  U2(y) ) 	 	  	 N0   	 

LS2U2(y) < −z2 − 2δwz, ∀w 	 ∀y ∈ N0\{0}. !@/ #%
D, * 	 U1 	 U2 	  	 )  q < hˆ < hˆd(n) 	 
 δ/ 7  *   	 		 U1 ,   	(	 
!@/>% 	 0 < δ ≤ 1
2
θ(n) 	 	 *   ,  	  S1/ 7 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  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(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	 U1  )	  8	) 	    *	 gi(xi) = kixi !-
	 +	%/   	(	   !@/>%  )	 
x˙ = Ax + Bz
w = Cx
!@/ $%
$
*
A =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k1 0 · · · 0 0
k1 −k2 0 0
/
/
/ · · · ///
0 0 −kn−1 0
0 0 · · · kn−1 −kn
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
!@/%
B =
[
1 0 · · · 0 0
]T
!@/ %
C =
[
0 0 · · · 0 kn
]
!@/%
5 $./   
! A     
 !    
!
P  0 	 
ATP + PA ≺ 0.
 $.$/ , 0 < δ ≤ 1
2
θ(n)  
 !  ) U1 : R
n → R
 )  %  !@/ C% ∀ (x, z) 
 S1   
   ) 
!@/ $% 
    0 < δ < 1
2
θ(n) 	
A˜ =
⎡
⎣ A B
−2δC −1
⎤
⎦ G =
⎡
⎣ A −B
2δC −1
⎤
⎦ .
 	
A˜ =
⎡
⎣ In 0
0 −1
⎤
⎦G
⎡
⎣ In 0
0 −1
⎤
⎦ ,
	  A˜  	   	 	  G  	 /  δ > 0 	
$ 
FG *   	 	 =	 		  	  
G =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k1 0 · · · 0 −1
k1 −k2 0 0
/
/
/ · · · ///
0 0 −kn 0
0 0 · · · 2δkn −1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

δ <
1
2
θ(n).
   ,  	 , P˜  0  
A˜T P˜ + P˜ A˜ ≺ 0. !@/A%
7   	 
P˜ =
⎡
⎣ P 0
0 1
2
⎤
⎦ ,
* P  	 	 P  0/  	
0  A˜T P˜ + P˜ A˜ =
⎡
⎣ AT −2δCT
BT −1
⎤
⎦
⎡
⎣ P 0
0 1
2
⎤
⎦+
⎡
⎣ P 0
0 1
2
⎤
⎦
⎡
⎣ A B
−2δC −1
⎤
⎦
=
⎡
⎣ ATP + PA PB − δCT
BTP − δC −1
⎤
⎦
	 ∀ (x, z) ∈ Rn × R\{0} 	 0 < δ < 1
2
θ(n)
⎡
⎣ x
z
⎤
⎦
T ⎡
⎣ ATP + PA PB − δCT
BTP − δC −1
⎤
⎦
⎡
⎣ x
z
⎤
⎦ < 0
(
xTAT + zTBT
)
Px + xTP (Ax + Bz)− 2δ (Cx) z − z2 < 0.
$
' 		 	 δ *    0 < δ ≤ 1
2
θ(n)
(
xTAT + zTBT
)
Px + xTP (Ax + Bz)− 2δ (Cx) z − z2 ≤ 0, 
	  U1(x) = x
TPx   !@/ $%  !@/ C%/
( $./ 3 	  ) U1  	
	 A˜     
!@/A% 
   P˜  ,% !@/A%   " %  	  =
	    
  
! % ",       

>./ /8? 
 $.'/ , 0 < δ ≤ 1
2
θ(n)  
 !   ) 	 U1 :
R
n → R  )  %  !@/ C% ∀ (x, z) 
 S1      !@/>% 
  	   C1 	 
x˙1 = −z˜ − g1(x1)
x˙2 = g1(x1)− g2(x2)
/
/
/
/
/
/
/
/
/
x˙n = gn−1(xn−1)− gn(xn)
˙˜z = 2δgn(xn)− z˜
!@/@%
	  LC1 	  		 8 ))/  0 < δ < 12θ(n) 	
lim
|xi|→∞
∫ xi
0
gi(ξ)dξ = ∞,
	 FG ! A 	  % *    !@/@%  ,
		 di > 0 1 ≤ i ≤ n + 1  
U˜1 (x, z˜) =
∑n
i=1 di
∫ xi
0
gi(ξ)dξ + dn+1
1
2
z˜2
= U1(x) + dn+1
1
2
z˜2
!@/B%
$A
   8	) 		 // ∀ (x, z˜) = 0
d
dt
U˜1 (x, z˜) < 0.
7   	 + dn+1 = 1 	  z = −z˜ 	 ∀ (x, z) = 0 	
0 < δ < 1
2
θ(n)
0 > LC1U˜1 (x,−z) = LS1U1(x)− z (2δgn(xn) + z)
= LS1U1(x)− 2δwz − z2
' 		 	 δ *    0 < δ ≤ 1
2
θ(n)
LS1U1(x) ≤ 2δwz + z2. 
 $.#/ , 
    !@/C% q < hˆ < hˆd(n)  
 !   

   
 N0   	 U2 : R→ R  )  N0 
) % !@/ #% 
 δ = 1
2
θ(n) ∀w  ∀y ∈ N0\{0} 
  8
Dy =
{
y > 0 | − δ
1 + δ
gy(y) < f(y) < 0
}
∪
{
y < 0 | 0 < f(y) < − δ
1 + δ
gy(y)
}
.
D  Dy     	 y  *    f  *	   
− δ
1+δ
gy 	  (	 , ! @/#%/ 4	
∂f
∂y
|y=0 = ry(q − hˆ) 	 ∂gy∂y |y=0 =
ky > 0
hˆ < hˆd(n) = q +
ky
ry
θ(n)
2+θ(n)
⇒ −∂f
∂y
|y=0 < δ1+δ ∂gy∂y |y=0
hˆ > q ⇒ ∂f
∂y
|y=0 < 0.
4    		 	   	 N0 ⊂ Dy ∪ {0}/  
y ∈ N0  		
U2(y) := −δ
∫ y
0
f(ξ)dξ !@/>%
$@
−1 −0.5 0 0.5 1 1.5 2
−1
−0.5
0
0.5
y
f(y)
n=2
n=3
Increase
Pathway
Size n
−δ
δ+1 gy
 @/#2    N0     	  *    f  	 
 *	    − δ
1+δ
gy 	  (	 ,/    	+  
* ( 	/
 ) 	 	
LS2U2(y) + 2δwz + z2 = ∂U2∂y y˙ + 2δwf(y) + f 2(y)
= −δf(y) (2w − f(y)− gy(y)) + 2δwf(y) + f 2(y)
= (δ + 1) f 2(y) + δg(y)f(y)
' (δ + 1) f 2(y) + δg(y)f(y) < 0  ∀y ∈ Dy 	 
LS2U2(y) < −z2 − 2δwz, ∀w, ∀y ∈ N0\{0} . 
8 U(x, y) := U1(x) + U2(y)  U1 	 U2  	 	 !@/B% 	 !@/>% 
δ = 1
2
θ(n) 	  N0   	 	   8 @/>/
  $.'/ , 0 < hˆ < hˆd(n) 
  β 	  ΩU,β ⊂ Rn×N0 ΩU,β  

    
  
	   
 
   !@/B% 
  "  		  
	 @/A 8 @/B 	 8 @/>/
( $.$/ (
 < .   	 	   hˆr  hˆd(n)
 hˆ  
     
 


 
   
  
	  hˆr  
  
	 (
 < <  < 0      
      
     
$B

	 @/@ 	 @/B  *  	 	)	   	 
	        	 ; 	 	 	 *  
 / 	 	  (    * 	 	   
 f 	 gy   	 4	 A/@/ /
( $.'/ 
 
  	    
  
  
	 
  ΩU,β 
 !@/B% - 
  .2 	 6!  / <   )! U  	 
  
  
 β@
maxβ
LSU(x, y) < 0, ∀(x, y) ∈ ΩU,β\{0, 0}.

 
	   	  
    
  
	 	 
ΩU,β1  ΩW,β2 
 
   
  
	   )!   
 ΩU,β1
⋃
ΩW,β2 
 !   q ≤ hˆ ≤ hr   	  ΩU,β   "
	    
  (
 < <  < 0   
 
   
$.#.. - 
  2
  	  !@/B% 	 S1 	 S2 )  	)		 *  	 
+ 	 8	) 		 / *   U(x, y) = U1(x)+U2(y) x ∈ Rn
y ∈ R/   	, 	 ,	  	(	  S1 	 S2 	 * 
      8	) 		   	(	   !@/B% 	
* 	 	   		 U1 	 U2 	 !@/B% 	!@/>% )/  
	(	   !@/>%  )	  !@/ $% 	   	(	  S2 
y˙ = a2y + 2w
z = −σy
!@/C%
* σ = −∂f
∂y
|y=0 = ry(hˆ− q)  a2 = −ky + σ/   	(	  !@/B%  )	 
!@/% 	 * *   ⎡
⎣ x˙
y˙
⎤
⎦ = J
⎡
⎣ x
y
⎤
⎦
!@/#%
$>
*
J =
⎡
⎣ A −σB
2C a2
⎤
⎦ .
  $.#/ , 
 !  )  
	 P1 ∈ Rn×n  p2 ∈ R1×1
	  JTP + PJ ≺ 0 

P :=
⎡
⎣ P1 0
0 p2
⎤
⎦ ,
 
 !  ) %
	 	 U1 : R
n → R U2 : R → R 
δ = σ
ky−σ 	 
LS1U1(x) < z2 + 2δwz, ∀x, z
LS2U2(y) ≤ −z2 − 2δwz, ∀y, w

   S1  S2   !@/ $%  !@/C% 
	 
  	
U˜1(x) := x
TP1x U˜2(y) := p2y
2
α := −2a2p2
σ2
δ˜ := 2p2
σ
	
Q := JTP + PJ
=
⎡
⎣ ATP1 + P1A 2p2CT − σP1B
2p2C − σBTP1 2a2p2
⎤
⎦ ≺ 0. !@/$%
D  !@/$%   a2 < 0 	  α > 0/  	 ∀y, w
LS2U˜2(y) = 2p2a2y2 + 4p2yw
= −ασ2y2 + 2δ˜σyw
= −αz2 − 2δ˜zw
!@/A%
$C
	
LS1U˜1(x)− αz2 − 2δ˜wz = xTP1 (Ax + Bz) +
(
xTAT + zBT
)
P1x
+2a2p2
σ2
z2 − 22p2
σ
zCx
=
⎡
⎣ x
z
⎤
⎦
T
Q1
⎡
⎣ x
z
⎤
⎦
*
Q1 =
⎡
⎣ ATP1 + P1A − 1σ (2p2CT − σP1B)
− 1
σ
(
2p2C − σBTP1
)
1
σ2
2a2p2
⎤
⎦ .
 	 Q1 ≺ 0 	 Q ≺ 0 ! 	 	    )   	%
	 
LS1U˜1(x) < αz2 + 2δ˜wz, ∀x, z. !@/A %
4	 α > 0, 	 !@/A% 	 !@/A %   U1(x) :=
1
α
U˜1(x) 	 U2(y) :=
1
α
U˜2(y) 
LS1U1(x) < z2 + 2δwz, ∀x, z
LS2U2(y) ≤ −z2 − 2δwz, ∀y, w
* δ = 1
α
δ˜ = σ
ky−σ / 
-  )  
 $.&/ , ki = k ∀i 
 !@/ $%  
 !   ) U1(x) =
xTP1x  !@/ C%  δ > 0  δ <
1
2
θ(n)  
 !    
!
P˜1  0 	  U˜1(x) = xT P˜1x ) !@/ C% 
  8 LL1   8 ))   !@/ $% 	 W (x) = kU1(x) 	
  x, z
LL1W (x) < kz2 + 2δkwz
$#
	
0 
⎡
⎣ ATkP1 + kP1A kP1B − δkCT
BTkP1 − δkC −k
⎤
⎦
=
⎡
⎣ AT −2δkCT
BT −k
⎤
⎦
⎡
⎣ kP1 0
0 1
2
⎤
⎦+
⎡
⎣ kP1 0
0 1
2
⎤
⎦
⎡
⎣ A B
−2δkC −k
⎤
⎦
= MTP + PM,
*
M =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k 0 · · · 0 0 1
k −k 0 0 0
/
/
/
/
/
/
/
/
/
0 0 −k 0 0
0 0 k −k 0
0 0 · · · 0 −2δk2 −k
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎣ In 0
0 −1
⎤
⎦
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k 0 · · · 0 0 −1
k −k 0 0 0
/
/
/
/
/
/
/
/
/
0 0 −k 0 0
0 0 k −k 0
0 0 · · · 0 2δk2 −k
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡
⎣ In 0
0 −1
⎤
⎦ .
'  δ > 0 M    	 	  δ < 1
2
θ(n) F@AG/   M  
  	  FG/ 4  ,  	 P˜1  0  
LL1
(
xT P˜1x
)
< kz2 + 2δkwz

D, * *  
∂
∂xi
gi(xi)|0 = k ∀i 	  hˆ > hˆd(n)   	 
+ 	 8	) 		 U(x, y) = U1(x) + U2(y)   !@/#% !
	(	   !@/B%%/
$$
x1 x2 xn
y
S1
S2
 @/$2 	   	 	  n2 = 3/
  $.&/ ,
∂
∂xi
gi(xi)|0 = k ∀i  !@/B%  
 hˆ > hˆd(n) 
  
%
	 	  " 	 U(x, y) = U1(x)+U2(y) 
   !@/#% 
  "   hˆ > hˆd(n) > q 	  U(x, y) = U1(x) + U2(y)
,   !@/#%/ ' 
	 @/>  , U˜1 = x
TP1x 	 δ =
σ
ky−σ
	 !@/ C%/ ?	   	 8 @/C  δ < 1
2
θ(n) 	
δ = σ
ky−σ =
ry(hˆ−q)
ky−ry(hˆ−q) <
1
2
θ(n) =
ry(hˆd−q)
ky−ry(hˆd−q)
⇓
hˆ < hˆd(n).
		  		   	  + 	 8	)
		   !@/#% ,/ 
&6 		 #	


7 	  !@/B%  + 				    S1 	 S2 
*	 	  @/> * S1 	 R
n1
	 S2 	 R
n2
 n1 + n2 = n + 1 ! 	
 @/$  n2 = 3%/ 4 S1  )	 
ζ = F1(ζ) + B1z
w = G1(ζ)
!@/A%
 
 ζ ∈ Rn1 *
F1(ζ) =
⎡
⎢⎢⎢⎢⎢⎢⎣
−gm+1(ζ1)
gm+1(ζ1)− gm+2(ζ2)
/
/
/
gm+n1−1(ζn1−1)− gm+n1(ζn1)
⎤
⎥⎥⎥⎥⎥⎥⎦
G1(ζ) = gm+n1(ζn1)
B1 =
[
1 0 · · · 0
]T
	 m = n2 − 1/ 4 S2  )	 
ψ = F2(ψ) + B2w
z = G2(ψ)
!@/AA%
 ψ ∈ Rn2 *
F2(ψ) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−f(ψ1)− gy(ψ1)
f(ψ1)− g1(ψ2)
g1(ψ2)− g2(ψ3)
/
/
/
gn2−2(ψn2−1)− gn2−1(ψn2)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
G2(ψ) = gn2−1(ψn2)
B2 =
[
2 0 · · · 0
]T
.
7 *  	  + 				   	 R
n1
	 R
n2
 (n1, n2)-
	  !@/B%/ 8 LS LS1 	 LS2   8 ))   
!@/B% !@/A% 	 !@/AA% )/ 4   ) 	 *
   	 N2 ⊂ Rn2   	 	 ) 	 		
U1 : R
n1 → R 	 Rn1 	 ) 	 		U2 : Rn2 → R 	 N2  
LS1U1(ζ) ≤ ρ(w, z), ∀ (ζ, z) ∈ Rn1 ×R !@/A@%
LS2U2(ψ) ≤ −ρ(w, z), ∀ (ψ,w) ∈ N2 × R. !@/AB%
  
* ρ : R2 → R     (  δ 	 κ
ρ(w, z) := z2 + 2δwz − κw2.
	
U(ζ, ψ) := U1(ζ) + U2(ψ), !@/A>%
	 β   
ΩU,β ⊂ Rn1 ×N0.
" 	 	  
	 @/A /
  $.6/ ΩU,β  
 
  *  !@/B%      %
 !@/#% !@/$%  
	  ΩU,β      
  
	   

 !@/B% 
  4    
	 @/A/ 
"   F2  	 * 	   U1, U2 	 	(	   4-
 	 4?4 ,	  	 4	 A/A/ 8 F2(ψ) =
n2(ψ)
d2(ψ)
 * d2(ψ) > 0
 ψ ≥ 0 	 	 N2  	  )    ) 	 -
	 		 ϕ2 * ϕ2(0) = 0 	  )  // N2 = Ωϕ2,R2 =
{x ∈ Rn2 | ϕ2(x) < R2}/   		 4?4   		 U1 	 U2 
U1(ζ)− ζT ζ  4?4
− ∂
∂ζ
U1(ζ) · (F1(ζ) + B1z) + ρ(z,G1(ζ))− ζT ζ  4?4
!@/AC%
	
U2(ψ)− ψTψ + s1(ψ) (ϕ2(ψ)−R2)  4?4
d2(ψ)
{
− ∂
∂ψ
U2(ψ) · (F2(ψ) + B2w)− ρ(G2(ψ), w)
}
+d2(ψ)s2(ψ,w) (ϕ2(ψ)−R2)− ψTψ  4?4
!@/A#%
* s1, s2  4?4 	/    Ωϕ2,R2 	   ) 
+	 ϕ2 = U2 	 	 	-* =	 	 F@ G/   * 
 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0
0.5
1
1.5
2
2.5
3
k
hˆ
Stability Diagram for 3D System
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 @/ 2 4    A  * gi(xi) = kxi i = 1, 2 q =
1, ∂
∂y
gy(y)|0 = 1/   (2, 1)-	 	 	    	 8	)
		      	 8	) 	 4 &	/ 	
	     (1, 2)-	 	    	 8	)
		    	  /
    	 ) !δ κ% 	    ρ/ 8  	
 2α1      	 	 4?4  !@/AC% 	  2α2 
    	 	 4?4  !@/A#%/ 7  α1   
	 * ,  S1    !// *  )  )	 	 
-	 +	  % 	 α2     	   !h%  d2(ψ)
  /
7 	*  	    *
∂
∂xi
gi(xi)|0 = k,   i = 1, . . . , n.
7 ) *	 	  ) 	   hˆs < hˆ < hˆd(n) * 	 	 +
	 8	) 		  ) 	   	  	  
/     
	 @/C    hˆ > hˆd(n)   	
!% + 	 8	) 		    U(x, y) = U1(x) + U2(y)
x ∈ Rn y ∈ R ,   	(	  !@/B% //  (n, 1)-	
		  )	    8	) 		  !@/B%/   	 8	)
		   * hˆ > hˆd(n) * 	  		    S2/
0*)   	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Stability Diagram for 7D System
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 	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	    -
 8	) 		  )   	  	   	/ 
 , k   + 	 hˆ    	   
 S2 !	 	 n2% //  	 ,  		  8	)
		 	/  *  C  * q = 1, ∂
∂y
gy(y)|0 = 1/
*    	    @/ / 7 	*     +
	 8	) 		    !@/A>% * U1  	 // U1(ζ) =∑n1
i=1 Vi(ζi)/ "   (   4
   ) !@/A@%   	 * *
,  (   4
   	 U    (   4
 
 	 U2/    	 ,    !	 
 4
 (% 	   		 n2    S2 	/
01 $./ "     (1, 2)	      /2  
gi(xi) = kxi i = 1, 2      S1
x˙1 = z − kx1
w = kx1
 S2
x˙2 = w − kx2
y˙ = 2kx2 − f(y)− gy(y)
z = f(y)
 @
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/  *   	   + 	 hˆ   		  k
 	-  * q = 1, ∂
∂y
gy(y)|0 = 1/
 f(y) = ry(1+γ)(y+1)
q
1+γ(y+1)h
− ry 
 κ > 0 δ = κ−12  U1(x1) = 12 (1 + κ) x21
LS1U1(x1)− z2 − (κ− 1)wz + κw2 = (1 + κ) kx1 (z − kx1)− z2
− (κ− 1) kx1z + κk2x21
= −z2 + 2kx1z − k2x21
= − (z − kx1)2
-  
	 
 U2 
LS2U2(x2, y) ≤ κw2 − (κ− 1)wz − z2
  
   
 
 < 9A     
 
 
 	
 	  	 
	  " 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x˙ = f(y)− gx(x) + hy(y)− dx(x)
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V0 := f(1) =
V
1+γ
hˆ := γ
γ+1
h
kx :=
∂
∂x
gx(x)|x0 ηx := ∂∂xdx(x)|x0
ky :=
∂
∂y
gy(y)|1 ry := ∂∂yhy(y)|1
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⎡
⎣ x˙
y˙
⎤
⎦ =
⎡
⎣ −kx − ηx V0(q − hˆ) + ry
2kx −V0(q − hˆ)− 2ry − ky
⎤
⎦
⎡
⎣ x
y
⎤
⎦ . !B/%
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x˙ = Ax+ Bu
z = Cx
u = −hˆCx
*
A =
⎡
⎣ −kx − ηx V0q − ry
2kx −V0q − 2ry − ky
⎤
⎦
B = V0
⎡
⎣ 1
−1
⎤
⎦
C =
[
0 1
]
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x˙ = V y
q
1+γyh
− gx(x) + hy(y)
y˙ = 2gx(x)− 2hy(y)− V yq1+γyh − gy(y).
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⎡
⎣ x˙
y˙
⎤
⎦ =
⎡
⎣ −kx V0(q − hˆ) + ry
2kx −V0(q − hˆ)− 2ry − ky
⎤
⎦
⎡
⎣ x
y
⎤
⎦ . !B/A%
3	 !B/A% *   , 	   
q − 1
V0
ky < hˆ < q +
1
V0
(kx + ky + 2ry) ,
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P (s) = C (sI − A)−1 B
= −V0 s−kxpA(s) .
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q
1+γyh
− gx(x)− dx(x)
y˙ = 2gx(x)− V yq1+γyh − gy(y).
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⎡
⎣ x˙
y˙
⎤
⎦ =
⎡
⎣ −kx − ηx V0(q − hˆ)
2kx −V0(q − hˆ)− ky
⎤
⎦
⎡
⎣ x
y
⎤
⎦ . !B/@%
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q − 1
V0
ky
kx + ηx
kx − ηx < hˆ < q +
1
V0
(kx + ky + ηx)
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P (s) = C (sI − A)−1 B
= −V0 s−kx+ηxpA(s) ,
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x˙ = V y
q
1+γyh
−m(x)
y˙ = (2− α(x))m(x)− V yq
1+γyh
− gy(y).
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x = 0 ⇒ x˙ = V y
q
1 + γyh
+ gy(y) > 0,  y > 0
y = 0 ⇒ y˙ = 2gx(x) > 0,  x > 0.
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u + ay ⇀f x1 g1h2 x2 
g2
h3
· · · gn−1hn xn gnhy (a + b) y ⇀gy ϕ
d1 d2 dn
ϕ ϕ ϕ
7 	   * a = b = 1 *  		 ?3 )	 
x˙1 = f(y) + h2(x2)− g1(x1)− d1(x1)
x˙2 = g1(x1) + h3(x3)− g2(x2)− h2(x2)− d2(x2)
/
/
/
/
/
/
/
/
/
x˙n−1 = gn−2(xn−2) + hn(xn)− gn−1(xn−1)− hn−1(xn−1)− dn(xn−1)
x˙n = gn−1(xn−1) + hy(y)− gn(xn)− hn(xn)− dn(xn)
y˙ = 2gn(xn)− f(y)− 2hy(y)− gy(y),
!B/B%
 xi ≥ 0 y ≥ 0 	 * f(y) = V yq1+γyh 	   i gi hi di gy hy  	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 hy = 0 hi = 0  
i = 1, . . . n // 	 ) 	/ "   , 	 (x¯, y¯)  (0, 0)
  $
, 	
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
f(y¯) = g1(x¯1) + d1(x¯1)
g1(x¯2) = g2(x¯2) + d2(x¯2)
/
/
/
gn−1(x¯n−1) = gn(x¯n) + dn(x¯n)
2gn(x¯n) = f(y¯) + gy(y¯)
⇒
(
2
∏n
i=1
gi(x¯i)
gi(x¯i)+di(x¯i)
− 1
)
f(y¯) = gy(y¯).
     , 	 (x¯, y¯)  (0, 0) , 	 
2
n∏
i=1
pi(x¯i)− 1 > 0 !B/>%
* pi(x¯i) :=
gi(x¯i)
gi(x¯i)+di(x¯i)
/ 7 	 	+  pi(x¯i)      
xi * 		   	,    * !// *  	) 	 xi+1%
	 1− pi(x¯i) = di(x¯i)gi(x¯i)+di(x¯i)     *    	 */
 	   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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 
	)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  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*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∏n
i=1 pi(x¯i)/ 4   	)	  1
  y     * ,  	  Ep [y] = 2 (
∏n
i=1 pi(x¯i))
  y   	/
		 !B/>%     , 	  ,  , 	 Ep [y]
 ,  )   	)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 di(xi) = αigi(xi) 	 		 !B/>% 
n∏
i=1
1
1 + αi
>
1
2
.
 αi = α   i = 1, . . . , n 	 α <
n
√
2− 1/ 4   *  ( 10 α  
  	 0.072 // 	   	   	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	  	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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 	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  B *C gi(xi)− hi+1(xi+1) 
   
%  /!
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 #
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 (x¯, y¯)  (0, 0)  !B/B% , 	 *   	
* 	  y¯ = 1/ 
  
   	
     y¯ = 1/  hˆ := γ
γ+1
h 	
V0 := f(1) =
V
1+γ
ri :=
∂
∂xi
hi(xi)|x¯
ki :=
∂
∂xi
gi(xi)|x¯ ηi := ∂∂xidi(xi)|x¯
ky :=
∂
∂y
gy(yi)|1 ry := ∂∂yhy(y)|1,
	  	  !B/B% 	  , 	  )	   *	 	
 ⎡
⎣ x˙
y˙
⎤
⎦ = J
⎡
⎣ x
y
⎤
⎦
!B/C%
 x ∈ Rn y ∈ R 	 *
J :=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−m1 r2 0 · · · 0 0 V0(q − hˆ)
k1 −m2 r3 0 0 0
0 k2 −m3 / / / 0 0 0
/
/
/
/
/
/
/
/
/
0 0 0 −mn−1 rn 0
0 0 0 kn−1 −mn ry
0 0 0 · · · 0 2kn −ky − V0(q − hˆ)− 2ry
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
	   i mi := ki + ri + ηi r1 := 0/ D      	 J 
		-	) 	 ki   )/   *   )   *	
	  
	 @/     	 */
  './  " hˆr := q +
1
3
ky
V0
 hˆs := q − kyV0  , hˆs < hˆ ≤ hˆr 
  
!B/C%   
 


  n  


   
  
	 

kiηiri ry 
    
    
   hˆ /∈
(
hˆs, hˆr
]
 
 ! 
  
  !% 	
D :=  {η1, . . . , ηn, 0}  0
J0 := J −D
	
Q0 :=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−k1 r2 0 · · · 0 2V0(q − hˆ)
k1 −k2 − r2 r3 0 0
0 k2 −k3 − r3 0 0
/
/
/
/
/
/
/
/
/
0 0 0 −kn − rn 2ry
0 0 0 kn −ky − V0(q − hˆ)− 2ry
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
	
J0 =
⎡
⎣ In 0
0 2
⎤
⎦Q0
⎡
⎣ In 0
0 2
⎤
⎦
−1
,
		 J0    	)  Q0/ "  	    	
*  * i  Q0 	 	    		  Q0 
detQ0 = (−1)n+1 k1
n∏
i=2
(ki + ri)
(
ky − V0(q − hˆ)
)
.
		  hˆ = q − ky
V0
= hˆs 	 detQ0 = 0 	 	 	 		 *
	 	   hˆs < hˆ ≤ hˆr Q0  0*( 	  J0  0*(/  
	 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 , P  0  
JT0 P + PJ0 = −In+1
 
FG/  	
JTP + PJ = (J0 −D)T P + P (J0 −D)
= JT0 P + PJ0 −DTP − PD
= −In+1 − (DTP + PD)
' DTP + PD  0 	 P  0 D  0 	 D  	 
JTP + PJ ≺ 0
	  J  0*(  hˆs < hˆ ≤ hˆr 	 !B/C%  /
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  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 ry = 0 ηi = 0 ri = 0
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 i/ 
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 (x¯, 1)    	/ " 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	
gi, hi, di, gy, hy, f  J  )	  )/ " 	 * 
x˙ = F (x) + B
⎡
⎣ f(y)
r(y)
⎤
⎦
y˙ = 2gn(xn)− 2hy(y)− f(y)− gy(y)
!B/#%
 A
* x ∈ Rn, y ∈ R
F (x) =
⎡
⎢⎢⎢⎢⎢⎢⎣
h2(x2)− g1(x1)− d1(x1)
g1(x1) + h3(x3)− g2(x2)− h2(x2)− d2(x2)
/
/
/
gn−1(xn−1) + hy(y)− gn(xn)− hn(xn)− dn(xn)
⎤
⎥⎥⎥⎥⎥⎥⎦
,
B =
⎡
⎣ 1 0 · · · 0 0
0 0 · · · 0 1
⎤
⎦
T
,
  i gi hi di gy hy  		 		 		 		 	 + 
) 0  0 	
f(y) =
V (y + 1)q
1 + γ(y + 1)h
− V
1 + γ
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x˙ = F (x) + Bz
w = gn(xn)
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y˙ = 2w − 2hy(y)− f(y)− gy(y)
z =
⎡
⎣ f(y)
hy(y)
⎤
⎦
* y ∈ R/
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 ρ : R3 → R (  δ1 δ2κ1 	 κ2
ρ(w, z1, z2) := w
2 − 2δ1wz1 − 2δ2wz2 − κ1z21 − κ2z22
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C1(δ1, δ2) := 2δ1σ − 2δ2c2 + (2c2 − σ + c1)
C2(δ1, δ2, κ1, κ2) := c
2
1 + 4c1c2 + 4c
2
2 − 2c1σ − 4c2σ + σ2
−4κ1σ2 − 4κ2c22
+4δ1 (c1σ + 2c2σ − σ2)
+4δ2 (c2σ − 2c22 − c1c2)
v1(y) := 2 (δ1f(y) + δ2hy(y))− (2hy(y) + f(y) + gy(y))
v0(y) := (δ1f(y) + δ2hy(y))
2 + κ1f
2(y) + κ2r
2
y(y)
* c1 = ky, c2 = ry 	 κ1, κ2 > 0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 w ∈ R
U2(y) > 0 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(2w − 2hy(y)− f(y)− gy(y)) < ρ(w, f(y), hy(y)) !B/$%
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C1(δ1, δ2) > 0,  C2(δ1, δ2, κ1, κ2) > 0 !B/ %
 2)
U2(y) := −
∫ y
0
1
2
v1(ξ)dξ !B/  %
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Dy :=
{
y ∈ R | − v1(y)y > 0  v21(y)− 4v0(y) > 0
}
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M1(y, w) :=
∂U2
∂y
(2w − 2hy(y)− f(y)− gy(y))− ρ(w, f(y), hy(y))
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M1(y, w) =
∂U2
∂y
(2w − 2hy(y)− f(y)− gy(y))
−w2 + 2δ1wf(y) + 2δ2why(y) + κ1f 2(y) + κ2r2y(y)
= −
(
w −
(
∂U2
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+ δ1f(y) + δ2hy(y)
))2
+
(
∂U2
∂y
+ δ1f(y) + δ2hy(y)
)2
−∂U2
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(2hy(y) + f(y) + gy(y)) + κ1f
2(y) + κ2r
2
y(y)
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M2(y) :=
(
∂U2
∂y
+ δ1f(y) + δ2hy(y)
)2
−∂U2
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(2hy(y) + f(y) + gy(y)) + κ1f
2(y) + κ2r
2
y(y)
=
(
∂U2
∂y
)2
+ v1(y)
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+ v0(y).
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v1(y)|0 = −C1 (δ1, δ2)
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p := ∂
2U2
∂y2
|0 a0 := ∂2v0∂y2 |0
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M3 = p
2 − C1 (δ1, δ2) p + a0,
* a0 := (δ1σ + δ2c2)
2 + κ1σ
2 + κ2c
2
2 > 0/ D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C2(δ1, δ2, κ1, κ2) = (C1 (δ1, δ2))
2 − 4a0.
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 C2(δ1, δ2, κ1, κ2) > 0 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|0 = 1
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C1 (δ1, δ2) .
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M2(y) =
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v21(y)−
1
2
v21(y) + v0(y) = −
1
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v21(y) + v0(y).
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−v1(y) = C1 (δ1, δ2) y2 + O(y3)
v21(y)− 4v0(y) = C2(δ1, δ2, κ1, κ2)y2 + O(y3) 
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U1(x)  -;-
−∂U1
∂x
(F (x) + Bz)− ρ(gn(xn), z1, z2)  -;-
C1(δ1, δ2)  -;-
C2(δ1, δ2, κ1, κ2)  -;-
κ1, κ2 > 0.
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U(x, y) := U1(x) + U2(y)
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ΩU,β = {(x, y) | U(x, y) < β} ⊂ Rn ×Dy
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 './ " n = 11 gy(y) = y, hy(y) = y f(y) =
4(y+1)
1+3(y+1)2
− 1 gi(xi) = 2xi
hi(xi) = xi  di(xi) = 0 - !B/ A% 
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δ1 = 2.2046 δ2 = −0.6424
κ1 = 7.9964 κ2 = 3.6494.
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v1(y) = 2 (δ1f(y) + δ2hy(y))− (2hy(y) + f(y) + gy(y))
= 3.4093 f(y)− 4.2848 y,

U2(y) = 1.0712y
2 + 3.4093y + 3.15086− 2.27287 log (1 + 3(1 + y)2)
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 l2(y) = −0.5464y 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